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Abstract. Polygonal meshes are used in CAD/CAM systems and in so-
lutions of many of engineering problems. Many of those rely on polygonal
representation using facets, edges and vertices. Today, due to numerical
robustness as only three points can lie on a plane, limited numerical
precision of the floating point representation, etc. the triangular facets
are used nearly exclusively. This is a significant factor witch is not fully
considered in triangular mesh representations and their processing.
This contribution presents a new approach to the 3D geometric model
representation based on vertices and edges only, i.e. by the wire-frame
data model, where no facet representation is needed, if the surface is
formed by a triangular mesh.

The wire-frame representation use leads to significant reduction of data
as there is no need to represent facets explicitly. It can be used for sig-
nificant data compression, etc. Examples demonstrating the worst cases
solutions are presented with a 3D print of those.

Keywords: Polygonal model - edge model - wire-frame model - polygo-
nal meshes - triangular mesh - surface model consistency - 3D geometric
modeling - surface representation - data compression - mesh surface re-
construction - CAD/CAM systems - manufacturing - 3D print - geometry
hash function.

1 Introduction

Geometric modeling of 3D surfaces is based on polygonal meshes, parametric
surfaces or implicitly defined objects in the vast majority of cases. In the case
of polygonal meshes a surface is represented by a polygonal mesh Botsch[6],
Wenger[28], Apostol[2], Brentzen|[7], Levy[21] which is usually represented by
data structures as half-edge, winged-edge, etc.
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port No.1311.



Skala,V. A novel, fast and robust triangular mesh reconstruction from a wire-frame 3D model with holes for CAD/CAM systems,
ICCSA 2022, LNCS 13375, pp. 399-411, 2022, ISBN 978-3-031-10522-7, Springer, 2022
DOI: 10.1007/978-3-031-10522-7_28

2 V. Skala

A significant effort is devoted to:

— polygon mesh repair Attene[4],

— mesh reconstruction from a set of triangles Glassner[12], Skala[25],

— memory optimization and mesh registration Le Clerc[19],

— hole filling in manifold meshes Gou[14],

— Boolean operations on polyhedral meshes Landier[18], Fu[11], Attene[3] and
intersection problems Held[15],

— surface reconstruction from sketched drawings Company[9], Yu[32], or pro-
jections Lee[20], Alexei[l], Shin[24], Yan[31] and Fang[10].

A wire-frame representation is not considered as it does not represent a surface
unambiguously in the case of polygonal faces Varley[26], Botsch[6].

However, several attempts for reconstructions of 3D solid objects were made
by Mirandi[23], Markowsky1980[22] and Zabran[33], Inouse[17] and Bandla[5].
Necessity of facets in the surface representations is presented in nearly all books
on computer graphics and geometric modeling.

However nowadays, the polygonal meshes are nearly exclusively represented
by triangular meshes, as the only three points can lie on a plane due to limited
numerical precision due to use of the IEEE-754[29] floating point representa-
tion. This significant property has important consequences in many aspects, e.g.
can lead to decrease of memory requirements, simpler data structures for data
transmission, higher data compression ratio and to higher robustness.

In the following, a new robust method for triangular 3D surface mesh re-
construction from the wire-frame data model, i.e. object is only represented by
vertices and edges, as a consequence of the triangular representation. This breaks
the “axiom” on the ambiguity of 3D wire-frame models representation in the case
of triangular meshes used for a surface representation of geometrical objects.

The proposed approach can also lead to new algorithms for geometric model
consistency check, data compression for data transmission etc. Also, it can be
extended for general polygonal meshes and for manifold objects using “virtual
edges”.

2 Data Structures

Mesh based data structures have several variants used in applications. They have
to be evaluated especially from requirements and their properties point of view,
e.g. algorithmic, topological, etc., see WiKi[30] The mesh data structures can be
classified to:

— Face-based structures, which is a set of “unconnected” triangles. It is a sim-
ple data structure, where no information on neighbor triangles is directly
available. Typical example is the STL format used in CAD/CAM systems
for 3D printing. Non-trivial algorithms for a mesh reconstruction are to be
used Glassner[13], Hradek[16] and Skala[25]

— Edge-based structures, where an edge is the edge shared by two polygons.
The typical example is the winged-edge structure [Baumg72]
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— Half-edge structure, which is based on splitting an edge to two oriented half-
edges. More efficient modification was introduced in Campagnal[8]

All data structures have several variants reflecting specific requirements from
targeted application, the algorithmic point of view, memory requirements, con-
sistency and robustness aspects etc. However, in some cases memory require-
ments are critical, e.g. in data compression and transmission, surface recon-
struction from acquired data etc.

The CAD/CAM systems use different surface representations of geometri-
cal objects and non-trivial operations with them, q.e. union, difference, etc.
There are still problems with robustness and correctness of those operations, see
Wassermann[27] as those issues are critical for the CAD/CAM systems.

The wire-frame data model, which contains only information on vertices co-
ordinates and edges, is not defining the surface unambiguously, if the polygonal
model is used, i.e. faces are not triangulated. The Fig.1 presents the wire-frame
model and three different interpretations of the wire-frame model, if polygonal
mesh is used (triangulation of the faces is not considered).

It can be seen, that the holes can be front-back, left-right or top-bottom
oriented in the case that the faces are un-triangulated polygons. This a typical
example of an ambiguity of the wire frame model, in the case of the polygonal
representation.

However, in the case of the objects with a triangular mesh, the triangular
property of the given surface is so significant, that should have substantial in-
fluence to the algorithms and data structures, which represent a surface of the
given object.

There is a question, whether a surface based on a triangular mesh can be
represented unambiguously by vertices and edges only, i.e. by a wire-frame data
model.

3 Wire-frame data model

Data structures and algorithms used in polygonal meshing are widely described
with many specific modifications. The wire-frame data structure, which contains
only vertices coordinates and edges, is considered as ambiguous. In the case of
polygonal meshes the ambiguity is clearly visible on the “4D-Cube” data model,
see Fig.1.

In the case of simple polygonal meshes which:

— do not have a hole, i.e. Genus zero
— are not self-intersecting, not touching on a vertex, edge and face
— surface is "water proof”

the simple algorithm based on “pairing” is quite simple and applicable for the
most cases. It is based on finding cycles in a graph of the given edges of the
length 3. However, such algorithm fails on very simple and similar cases, see
Fig.2, Fig.3 and Fig.4.

The situation gets more complicated in the case of objects with holes, which
is a quite common case of models originated from CAD/CAM systems.
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Fig. 1: Different possible interpretations of the 4D-Cube wire-frame and shaded
models
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a) Wire-Frame model b) Shaded model - x axis
¢) Shaded model - y axis d) Shaded model - z axis

Fig. 2: Join of two tetrahedra
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Fig. 3: Difference of two tetrahedra

a) Wire-Frame of two tetrahedra b) Shaded two tetrahedra

4 Wire-frame for triangle meshes

The surfaces of geometric models are represented by triangular meshes nearly
exclusively. It leads to better numerical precision of computation, etc.

As the knowledge, that the mesh is a triangular mesh, is so significant, that it
should lead to significant data structure simplification or to a new data structure
itself.

In the case of the triangular mesh it is expected that:

— a 3D surface is closed (but not necessarily)

— a surface of 3D object represented by a triangular mesh

— 3D surface is ”water proof”

— each triangle is a triangle of the final surface

— any edge is shared by two triangles only (if the 3D surface is closed)
— 3D surface is non-manifold

When the object at Fig.1 is represented by a triangular mesh, the correct surface
can be generated. However, in some even simple cases, the algorithm of surface
generation can be more complicated.

4.1 Non-trivial cases without holes

The surface generation of 4D cube model at Fig.1 proofs that restriction to
triangular mesh representation is beneficial. However, such knowledge does not
guarantee correctness of the surface generated.

Let us consider Computer Solid Geometry (CSG) representation and tetra-
hedrons Tapcp, Tapce and Tapcor. Then, the object at Fig.2 is given as
Tapcp U TapcE, i.e. union operation, while the object at Fig.3 is given as
Tapcp — Tapcor, i.e. difference operation. The “pairing algorithm” generates a
triangle T4 g, which is an invalid as it is a residue from the CSG operation.

In the both cases, the simple algorithm fails, as it would generate a non-
existent common face of those two tetrahedrons. In the first case, such incorrect
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face would be inside, in the second case, the invalid case would “close” the hole of
the object at Fig.3. On the other hand, some objects might have a hole similarly
as in the “4D-Cube” case at Fig.1. In this case, such simple algorithm would
delivered correct result, if the wire frame model represents the triangular mesh.
Actually it is due to a non-triangular cross section of the object. The simple
algorithm would also fail in the case of a prism with a triangular profile, see
Fig.4. In this case also non-existent triangles in side of the object would be
generated. It can be seen, that these simple examples demonstrate, that such
simple algorithm would not work properly.

Fig. 4: Prism

However, in the case Fig.5, the simple algorithm generates a correct triangular
mesh. It can be seen that the triangular non-existent triangles or triangular holes
causing problems in the correct triangular mesh generation.

Fig. 5: Prism-rectangular-profile
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4.2 Non-trivial cases with holes

The “triangular-ring” model at Fig.6 represents the case, when “virtual trian-
gles” at the corners can be generated from the wire-frame model, but they are not
part of the surface of those objects, which are actually non-manifold unions of
three prisms with triangular, Fig.6.a, and non-triangular, Fig.6.b, cross sections
of the objects.

Fig. 6: Triangular ring

a) Ring with a triangular profile b) Ring with a squared profile

Fig. 7: 4D Cube testing model

a) 4D cube wire-frame b) 4D cube shaded

There are two main problems in unambiguity of the surface reconstruction
given by the wire-frame model, if general polygonal faces:
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— Ambiguous surface as in the case of the “4D-Cube” model, see Fig.7

— Non-existent (fictive) faces generation as in the case of the “Triangular-
ring” model, where 3 non-existent (inner) triangles would be generated on
the intersection of two triangular prisms, see Fig.6.

In the case of a triangular ring with the triangular profile, see Fig.8, is probably
the most simple object causing the most problems in correct surface generation
as 4 false triangles would be generated by a naive simple algorithm.

Fig.8: 3D triangular ring testing model

a) 3D ring wire-frame b) 3D ring shaded

If a surface is represented as a triangular mesh, it gives us significant ad-
ditional information, which should be used to decrease data, i.e. memory, re-
quirements and also can lead to new algorithms for consistency checks, data
compression, transmission, etc.

The unambiguous surface generation of the “triangular-ring” wire-frame model
is possible, if triangular mesh is used, see Fig.8-b.

In the following the principle of the proposed algorithm will be described.

5 Proposed algorithm

Let us consider a simple object which is result of a union operation on two
tetrahedra Fig.9.
The wire-frame data structures representing this polyhedron is given by the
table of edges TAB.1 and by the table of vertices coordinates x,y, z TAB.2.
For the surface reconstruction from the wire-frame data model, actually only
a table of edges is required, as vertex coordinates are not used in manifold single
triangular surface model cases.
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Fig. 9: Example - two joint tetrahedra

Table 1: Wire-frame data structure - edges
IDE |1(2]3(4|5(6|7|8]|9
Vi (1112|223 |3]4
Vo 12134134 (5[4]5]|5

Table 2: Wire-frame data structure - vertices

A| B| C| D| E

IDy | 1 2 3 4 5
T 0 3 1 2 4
y |0 |2[1]2]=2

z 0| 2 1 1-11] 3

It should be noted that I Dg, resp. I Dy are identifiers of edges, resp. vertices
and are not actually part of data structures necessarily.

The proposed algorithm is actually very simple in principle for the closed
surfaces.

1. Find all triangles sharing common edge twice only, generate those triangles
and sign edges of those triangles as used
and update data structures reflecting those changes

2. Find all triangles having the only one common edge shared three times,
generate those triangles and sign edges of those triangles as used
and update data structures reflecting those changes

3. Find all triangles having the only two common edges shared three times,
generate those triangles and sign edges of those triangles as used
and update data structures reflecting those changes

4. Find all triangles having all three common edges shared three times, generate
those triangles and sign edges of those triangles as used
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and remove such a triangles from the set of given reminding triangles as
those triangles are not part of the surface.

In the case, that the that the surface is not closed, i.e. it has the border, ad-
ditional check is to be used to verify that the borders forms closed boundary
curve.

The result of the algorithm is a non-ordered set of triangles, i.e. there is
no information on the triangle neighbours. However, the basic algorithm can be
modified and the triangular mesh can be generated, i.e. information of neighbours
is generated as well.

It should be noted, that the reconstruction of a triangular mesh from a set
of triangles is a nontrivial task. Triangular mesh reconstruction from a set of
triangles is described in Glassner[13], Hradek[16] and Skala[25].

6 Experimental results

The proposed algorithm was tested for several data sets, some of those were
specifically constructed to “attack” the proposed algorithm, e.g.

— A “ring” shape polyhedron which has a triangular profile, see Fig.7

— A “4D-Cube” model with triangular faces, see Fig.6 , Fig.8

— Polyhedron with 6 faces formed as a union of two tetrahedrons with a “com-
mon” face, see Fig.2, Fig.3, Fig.9, etc.

The resulting triangular meshes were stored in the PLY format and 3D printed.
The Fig.10 presents 3D print of the reconstructed ”4D-Cube” and ”triangular
ring” data.

The experiments proved functionality of the proposed algorithm and correct-
ness of its implementation in Pascal using Lazarus IDE.

The proposed algorithm can be easily modified for the case when some tri-
angles on the surface of a model are missing. In this case the input data must
contain information on those triangles in explicit form and they will be handled
as non-existent virtual triangles.

7 Conclusion

Triangular meshes are used for surface models nearly exclusively due to many
reasons. However, the triangular mesh properties have not been fully explored
yet as far as the unambiguity mesh representation, storing, compression and
transmission, etc. This paper presents a new algorithm, which enables to recon-
struct faces of a triangular mesh surface from wire-frame data structure, which
was considered as ambiguous representation in computer graphics, CAD/CAM
systems.

The proposed algorithm breaks the “axiom” on the ambiguity of wire-frame
3D models representation in the case of triangular meshes. The proposed ap-
proach can also lead to new algorithms for mesh consistency checks, data com-
pression applicable especially in CAD/CAM systems and transmission, etc. The
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Fig.10: 3D print of "4D-Cube” and ”triangular ring” reconstruction from the
wire-frame model

proposed algorithm can reconstruct a surface of non-manifold objects is they
share a common face, similarly as in the “triangular-ring” model.
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